
Ef£cient Three-dimensional Imaging From a Small Cylindrical Aperture

Mark A. Haun†, Douglas L. Jones, and William D. O’Brien, Jr.

Department of Electrical and Computer Engineering
University of Illinois at Urbana-Champaign, Urbana, IL 61801

Abstract — Small-diameter cylindrical imaging platforms,
like those being considered in the development of in vivo
ultrasonic microprobes, pose unique image formation chal-
lenges. Their shape is incompatible with many of the com-
monly used frequency-domain synthetic aperture imaging
algorithms, and their small diameter places limits on the
available aperture and the angular resolution that may be
achieved. A three-dimensional, frequency-domain imaging
algorithm is obtained for this geometry by making suitable
approximations to the point spread function in cylindrical
coordinates and obtaining its Fourier transform by analogy
with the equivalent problem in Cartesian coordinates. For
the most effective use of aperture, we propose using a fo-
cused transducer to place a virtual source a short distance
from the probe. The focus is treated as a real unfocused
source by the imaging algorithm, which then forms images
on deeper cylindrical shells. This approach retains the sim-
plicity and potential angular resolution of a single element,
yet permits full use of the available probe aperture and a
higher energy output. Computer simulations and experi-
mental results using wire targets show that this imaging
technique attains the resolution limit dictated by the oper-
ating wavelength and the transducer characteristics.

I. INTRODUCTION

An ongoing research project at the University of Illinois is
developing very small ultrasound transducers that can be
fabricated on the side of a needle and operated in vivo at
high frequencies. One long-term goal of this research is
to supplement or even replace biopsy with a safer tool for
tumor diagnosis. Crucial to the success of this effort are
imaging algorithms adapted to the unique requirements of
these ultrasonic microprobes.

This image formation problem is challenging due to the
microprobes’ shape. With one probe, only two transducer
motions are possible: inward and outward travel, and ro-
tation about the needle axis. Thus, besides the cylindrical
geometry, there is the problem of limited aperture. Because
the microprobe transducer will be immersed in a scattering
volume, good resolution in three dimensions is desirable so
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that quality 2-D image slices may be obtained with synthetic
aperture techniques. As this requires a signi£cant 2-D aper-
ture, it is imperative that the available probe diameter be
used ef£ciently.

Many of these constraints also apply to other imag-
ing systems. Some intra-vascular ultrasound (IVUS) sys-
tems, for example, use a circular array of transducers on a
catheter to image the interior of blood vessels. As new ul-
trasound imaging modalities are developed, it is anticipated
that cylindrical apertures will become more common and
will bene£t from ongoing work in this area.

II. SYNTHETIC APERTURE IMAGING IN A CYLINDRICAL

GEOMETRY

Circular apertures have previously been used for intra-
vascular ultrasound (IVUS) imaging systems, where syn-
thetic aperture or array focusing has usually been carried
out in the time domain [1, 2]. Frequency-domain algo-
rithms, however, have a large speed advantage over tradi-
tional beamforming methods due to the computational ef£-
ciency of the Fast Fourier Transform.

A frequency-domain imaging method was recently pro-
posed for use with IVUS systems. The authors start with a
geometrically derived, two-dimensional point spread func-
tion (PSF) and obtain the Fourier transform of the imaging
kernel for monostatic and bistatic cases using the method of
stationary phase [3, 4].

In the following derivation, the PSF for three-
dimensional, monostatic imaging from a cylindrical aper-
ture is obtained using the Rayleigh-Sommerfeld formula-
tion of scalar diffraction theory. This PSF is then compared
with the PSF for wave propagation in Cartesian coordinates,
which has a well-known Fourier transform. This approach
makes clear the approximations necessary to put the PSF
for cylindrical coordinates into the same form and obtain its
Fourier transform.

We start with the Rayleigh-Sommerfeld formula [5],
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Figure 1: Cylindrical geometry for derivation of the point-
spread function (PSF).

which expresses the signal at P0, located on the imaging
aperture, in terms of a source distribution on the surface Σ
shown in Figure 1. No generality is lost by assuming that
the scatterers on Σ are themselves the source of ultrasonic
waves traveling at speed c/2. This is the “exploding re¤ec-
tors” model common in seismic exploration. In cylindrical
coordinates we have
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This is a convolution integral; the point spread function is
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If the transducer beamwidth is not too wide, the cosine terms
in the exponential and the denominator may be approxi-
mated to second order (1 − φ2/2). If the other cosine term
in the numerator is approximated to £rst order, we have
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The square-root quantity in (2) that is being approximated is
the distance from the transducer to a re¤ector in the scatter-
ing volume, expressed in cylindrical coordinates. Figure 2
shows (in a 2-D projection) sample loci of constant travel
time for both the approximate and exact distance formulas
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Figure 2: Circles of constant travel time for exact (dashed
line) and approximate (solid line) forms of the distance
function.

for a transducer at R = 1, φ = 0. This illustrates the limits
of the small beamwidth assumption.

Now compare the approximated h(φ, z) with the PSF
obtained for a rectangular aperture in Cartesian coordinates:
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Clearly they have the same form, except that the angular
variable is scaled by the geometric mean of the transducer
and re¤ector radii. The Fourier transform of h(x, y) is well
known, and the transform of h(φ, z) follows easily using the
scaling property:
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where the fact that φ is an angular variable (and h(φ, z) is
thus periodic in φ) has been ignored, and λ = c/2f in ac-
cordance with the exploding re¤ectors model.

In the spatial-frequency (fφ, fz) domain, multiplication
by H is equivalent to “propagating” the wave £eld from one
concentric cylindrical surface to another. This is the princi-
ple behind what are known as migration algorithms in the
seismic exploration community and wavenumber or ω − k
algorithms in the radar community [6]. A simple way to
obtain a two-dimensional image is as follows [7]:

1. Take 3-D FFT of the raw data: (φ, z, t)→ (fφ, fz, f)
2. Multiply the (fφ, fz) spatial frequency planes at each

f by H(fφ, fz) for the target reconstruction depth
3. Average over temporal frequency f
4. Take the inverse 2-D FFT, yielding the focused image

Computer simulations were performed to verify the per-
formance of this image formation algorithm. Five point-
re¤ectors in an “X” pattern at radius Ri = 15 mm were im-
aged using an in£nitesimally small, unfocused transducer
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Figure 3: Reconstructed, log-scaled image for simulation
with £ve point-re¤ectors.

at radius R = 8 mm and having a Gaussian beam shape
with a -3 dB beamwidth of 20◦. A Gaussian-weighted sinu-
soid with center frequency 5 MHz and bandwidth roughly 3
MHz was used as the pulse shape. Simulated echoes were
collected on a 128x128 grid with φ ranging from −55◦ to
+55◦ and z ranging from −6.4 to +6.4 mm. This data
was processed with the algorithm described above; Figure 3
shows the results. The highest side lobes are about 50 dB
down, and the synthesized half-power beamwidth at the re-
¤ectors is less than λ.

III. OPTIONS FOR EFFECTIVE USE OF THE AVAILABLE

APERTURE

It is well known that the best lateral (azimuth or along-track)
resolution available with synthetic aperture processing is
approximately D/2, where D is the effective aperture of the
antenna or transducer, which is assumed larger than a wave-
length (see for example [8]). For high-frequency ultrasound
applications, this would seem to suggest using a transducer
that is extremely small, on the order of one wavelength!
This may be possible in practice, but the small transducer
size places a severe limit on the available pulse energy in an
application where the low signal-to-noise ratio is already a
major concern.

One possible solution is to use the full probe diame-
ter for a focused transducer and treat the focus as a virtual
source. The virtual source then traces out a surface larger
than the probe, as shown in Figure 4. The imaging algo-
rithm proceeds as if there were an unfocused transducer lo-
cated at the focus and forms images at depths beyond that
point. A recent study exploring this technique found that
the resolution achievable past the focus is comparable to the
resolution at the focus [9].

R

Microprobe

Virtual
Source

Figure 4: Using a focused transducer to create a virtual
source element.

Using a focused transducer to create a virtual source has
the advantage that more transducer area, and hence more en-
ergy, is available for transmitting. It is important to realize,
however, that there is no “free lunch” here: the usable aper-
ture is still the same, even though the virtual source may be
traveling on a much larger surface. Assuming a constant
transducer diameter, as the focal length is increased, the
width of the focal region increases and the beamwidth past
the focus decreases. These factors conspire to keep the best
attainable resolution about the same for either approach.

IV. EXPERIMENTAL RESULTS

To test the validity of the proposed frequency-domain imag-
ing algorithm in conjunction with the virtual source tech-
nique, experiments were performed in a water tank with a
precision positioning and data acquisition system. A 15-
MHz transducer having a 12.7-mm diameter, 19.1-mm fo-
cal length, and theoretical resolution at focus of λD/F =
150 µm was mounted to a vertical support arm. The target
was a piece of aluminum wire mesh held at constant radius
from the support arm and about 5 mm beyond the focus of
the transducer (see Figure 5). The transducer was scanned
up and down and rotated about the axis of the support arm,
covering an area of 6.4 mm by 8.32◦ in 128 by 128 steps.

Figure 6 shows two log-scaled images of the wire mesh,
at distances of 5.17 mm and 5.30 mm beyond the focus of
the transducer. The mesh consists of vertical wires which
are nearly straight, parallel, and normal to the view direc-
tion, and horizontal wires which weave through them. The
upper image shows some of the vertical wires and also the
over-crossings of the horizontal wires. In the lower image,
the deeper focus reveals other vertical wires, indicating that
the wire mesh was not held precisely at a constant radius.
Most of the wire over-crossings are still visible, but the rest
of the horizontal wires remain invisible due to their angles
with respect to the view direction (note that the wire diam-
eter, at 280 µm, is larger than the acoustic wavelength).



Figure 5: Experimental set-up showing transducer and wire
mesh phantom.
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Figure 6: Reconstructed images of wire mesh at 5.17 mm
(top) and 5.30 mm (bottom) beyond the transducer’s focus.

V. CONCLUSIONS

An ef£cient and accurate three-dimensional image forma-
tion algorithm has been obtained directly through simple
approximations to the point spread function for 3-D wave
propagation in cylindrical coordinates. Computer simula-
tions and experimental results verify its good performance.
When combined with the virtual source technique, this al-
gorithm should allow high quality, near-diffraction-limited
imaging from small cylindrical platforms, whether they be
needles, catheters, or others yet to be developed.
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